Frequency sequences in graphs  by Rao, T.Mahadeva
JOURNAL OF COMBINATORIAL THEORY @) 17, 19-21 (19%) 
Frequency Sequences in Graphs 
T. MAHADEVA RAO 
Department of Applied Mathematics, Indian Institute of Science, Bangalore 560012, India 
Communicated by W. T, Tutte 
Received September 7, 1973 
Frequency sequences for trees and general graphs are considered. A necessary 
and sufficient condition is given for a sequence of numbers to be the frequency 
sequence of a tree. 
1. INTRODUCTION 
In this paper by a graph we always mean a finite undirected graph. 
A cut-vertex in a graph is a vertex whose removal increases the number of 
components. 
Let a graph G have degree sequence (4 , dl ,..., dl , da , dz ,..., d, ,,.., dk , 
d k ,..., dk} where dj is repeated nj times and dl > d, > *a. > 4. 
P. Z. Chinn [l] defined {n, , n2 ,n, ,..., nB} as the frequency sequence of a 
graph and proved the following theorem. 
THEOREM. Given any partition of a positive integer p (> 2) (other than 
p=l+l+.** + l), there exists at least one connected graph with 
p-vertices having this partition as its frequency sequence. 
Here we remark that the phrase “connected graph” in the above theorem 
can be replaced by “connected graph without cut-vertices,” since the 
graphs constructed by Chinn [I] do not have cut-vertices either. 
2. FREQUENCY SEQUENCES IN TREES 
In this section we consider the following question. Given a partition of 
an integer p (> 2), when does there exist a tree whose frequency sequence is 
given by this partition? 
It is easy to observe that there does not exist a tree which is regular, 
except K, . Thus for the partition {p}, there does not exist a tree whose 
frequency sequence is {p}, for p > 2. 
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LEMMA 2.1. Let p = n, + n2 + .*. + nk be the frequency sequence of 
a tree, where n, < n2 < ... < nk and rzi points have degree di and di # dj 
(i#j,i,j= I,2 ,..., k). Then either dk = 1 or dkV1 = 1 and dk = 2. 
The proof of the lemma is straightforward and left to the reader. 
THEOREM 2.2. Letp = n, + n2 + ... + n,,, wheren, < n2 < ... < nlc, 
be a partition (k > 2). There exists a tree whose frequency sequence is 
h , n2 ,-.., nk} tf and only zf one of the two following requirements hold. 
such th:) Th 
ere exist k - 1 dtxerent nonnegative integers 01~ , CX~ ,‘.., (Yk-1 
k-l 
nk = 2 + c a$?i . (1) 
i=l 
(ii) There exist k - 2 d#erent natural numbers ol, 01~ ,..., &!k-2 
such that 
k-2 
nkel = 2 + 1 Olini . (2) 
i=l 
Proof. Suppose (i) holds for a partition p = n1 + 12~ + ..* + nk . 
Then the graph in Fig. 1 is a desired tree. 
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A similar tree can be constructed if (ii) holds for a given partition. 
Suppose now that n1 , n2 ,..., nk iS the fIXqUenCy sequence of a tree T with 
p vertices and that n, < n2 < ... < nk . From the lemma either dk = 1 
or d,-, = 1 and dk = 2. We shall treat only the second possibility, as the 
treatment for the first possibility is essentially the same. We have 
k-2 
2 %zl ni + znk-, + 2nk - 2 = 2 i n, - 2 = 2(p - 1) 
i=l 
= i nidi = y nidi + nkdl + 2nk 
i=l i=l 
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or 
k-2 
nkel = 2 + c (di - 2) ni . 
i=l 
Let 01~ = di - 2 for i = 1, 2,..., k - 2. Clearly 01~ is a natural number 
for i = 1, 2,..., k - 2, and ai # aj if i # j (i, j = 1, 2 ,..., k - 2). This 
completes the proof. 
COROLLARY 2.3. Letp = n1 + n2 + ..* + nk and n, = n2 = *.. = nk 
(ni f l), p > 2 and k > 2. Then there exists a tree with this as the frequency 
sequence if and only ifp = 4 and k = 2 (and hence n, = n2 = 2). 
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